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$E$ : $y^{2}=x^{3}+ax+b$ $(a, b\in \mathbb{F}_{p})$
( $O$ ) :
(i) $P+O=O+P=P.$
(ii) $P=(x, y)$ $-P=(x, -y)$ .
(iii) $P_{1}=(x_{1}, y_{1}),$ $P_{2}=(x_{2}, y_{2})$ $P_{1}+P_{2}=(x_{3}, y_{3})$ $P_{1}\neq\pm P_{2}$
$\{\begin{array}{l}x_{3}=y_{3}=\end{array}\}x_{2}-x_{1}x2-x_{1\{\begin{array}{l}2-x_{l}-x_{2}(x_{1}-x_{3})-y_{1}\end{array}}$
(iv) $P=(x_{1}, y_{1})$ $2P=(x_{3}, y_{3})$ $P\neq-P$
$\{\begin{array}{l}x_{3}=y_{3}=\end{array}\}\{\begin{array}{l}2-2x_{l}(x_{1}-x_{3})-y_{1}\end{array}$
1814 2012 74-84 74








$r$ $S=(x_{S}, y_{S})$ $T=(x_{T}, y_{T})\in$
$\langle S\rangle$ $T=dS$ $d$
$S$
$\bullet$ $d$ $T=dS$ ( $\log(r)$-
)
$\bullet$ $S$ $T$ $T=dS$ $d$ (
$P$ 160
)
(ECDLP ). ECDLP Certicom
1997 ECC challenge ECC challenge
[2]:
75
(i) ECCp-79 (ECC challenge )
$\{\begin{array}{l}p=62CE5177412ACA899CF5a=39C95E6DDDB1BC45733Cb=1F16D880E89D5A1C0ED1r=1CE4AF36EED8DE22B99Dx_{S}=315D4B201C208475057Dy_{S}=035F3DF5AB370252450Ax_{T}=0679834 CEFB 7215DC365y_{T}=4084BC50388C4E6FDFAB\end{array}$
(ii) ECCp-163 ( )
$\{\begin{array}{l}p=05177B8A2A0FD6A4FF55CDA06B0924E125F86CAD9Ba=043182D283FCE3880730C9A2FDD3F6016529A166AFb=020C61E9459E53D8871BCAADC2DFC8AD5225228035r=003FEA47B8B292641C57F9BF84BAECDE8BB3ADCE30x_{S}=0017E7012277E1B4E43F7BF74657E8BE08BACA175By_{S}=00AA03A0A82690704697E8C504CB135B2B6EEF3C83x_{T}=01DC1E9A482085B3DFA722EB7A541D50505ED31DCAy_{T}=012D71ECC1578BFBE203D0C2CE238EB6060ADCAA1E\end{array}$




1990 Menezes, Vanstone Frey-R\"uck
[5] ECDLP (DLP)
$E$ $E[r]=\{Q\in E(\overline{\mathbb{F}}_{p})|rQ=O\}$ $m$
$r|p^{m}-1$ $E[r]\subset E(\mathbb{F}_{p^{m}})$
$r\nmid p-1$ $r|p^{m}-1$




$G=$ Gal $(\overline{\mathbb{F}}_{p}/\mathbb{F}_{p^{m}})$ $G$-
$0arrow E[r]arrow E(\overline{\mathbb{F}}_{p})arrow rE(\overline{\mathbb{F}}_{p})arrow 0$
$0$ $arrow$ $E[r]^{G}$ $arrow$ $E(\mathbb{F}_{p^{m}})$ $arrow r$ $E(\mathbb{F}_{p^{m}})$
$arrow\delta H^{1}(G, E[r]) arrow H^{1}(G, E(\overline{\mathbb{F}}_{p})) arrow rH^{1}(G, E(\overline{F}_{p})) arrow\cdots$
$\delta_{E}$ : $E(\mathbb{F}_{p^{m}})/rE(\mathbb{F}_{p^{m}})arrow H^{1}(G, E[r])=Hom(G, E[r])$
$\delta_{E}(P)=[G\ni\sigma\mapsto\sigma(Q)-Q\in E[r]]$ $(P=rQ$
$Q$ ) $\delta_{E}$ Weil pairing $e_{r}$ : $E[r]\cross E[r]arrow\mu_{r}$
:
$\kappa$ : $E(\mathbb{F}_{p^{m}})/rE(\mathbb{F}_{p^{m}})\cross E[r]arrow Hom(G, \mu_{r})\simeq \mathbb{F}_{p^{m}}^{\cross}/(\mathbb{F}_{p^{m}}^{\cross})^{r}$
$\mu_{r}=\{\alpha\in\overline{\mathbb{F}}_{p}|\alpha^{r}=1\}$ $\kappa(P, Q)=[G\ni\sigma\mapsto e_{r}(\delta_{E}(P)(\sigma), Q)\in$
$Hom(G, \mu_{r})]$ $\kappa$ :
$\bullet$ $\kappa$
$\bullet$ $\kappa$ (Miller )
ECDLP MOV :
Algorithm lMOV
Require: $r$ $S\in E(\mathbb{F}_{p}),$ $T\in\langle S\rangle.$
Ensure: $T=dS$ $d.$
1: $E[r]$ $E(\mathbb{F}_{p^{m}})$ $m$
2: $\kappa(P, S)\neq 1$ $P\in E(\mathbb{F}_{p^{m}})$
3: $\zeta_{1}arrow\kappa(P, S)$ .
4: $\zeta_{2}arrow\kappa(P, T)$ .
5: $\mathbb{F}$ $\zeta_{1}^{d}=\zeta_{2}$ $d$
6: $d$
3.2. MOV 5 $m$






















$\lambda(u):E(\mathbb{F}_{p})arrow u\tilde{E}(\mathbb{Q}_{p})arrow Nker\pi\simeq\mathcal{E}(p\mathbb{Z}_{p})=p\mathbb{Z}_{p}arrow p\mathbb{Z}_{p}/p^{2}\mathbb{Z}_{p}=\mathbb{F}_{p}mod p^{2}$
$N=\# E(\mathbb{F}_{p})$ :














1978 Pollard DLP $[4]_{0}$
MOV SSSA




















Require: $r$ $S\in E(\mathbb{F}_{p}),$ $T\in\langle S\rangle.$
Ensure: $T=dS$ $d.$
1: $u_{0},$ $v_{0}$ $X_{0}=u_{0}S+v_{0}T$
2: $X_{i+1}=f(X_{i})$




















1.2533 $\cdot$ $2^{80}\cdot 10^{-5}$ $=$ 1.3 $\cdot$ $10^{23}$
ECDLP :
(i) Certicom ECC challenge Texas Tech Chris Mon-
ico 2002 109 ECDLP ECCp-
109 10,000 549
2004 2 ECDLP ECC2-109 2600
17 ECDLP
$\rho$
(ii) 2009 7 ECC challenge 112 ECDLP
ECC-P112 2009 1 13
2009 7 8 200 Play Station $3(PS3)$
( :http: $//$ lacal.epfl. $ch/page81774$ .html)
5 $P$ $\mathbb{Q}_{p}$ ECDLP













$0arrow ker\piarrow\tilde{E}(\mathbb{Q}_{p})arrow\pi E(\mathbb{F}_{p})arrow 0$
$ker\pi\simeq \mathcal{E}(p\mathbb{Z}_{p})=p\mathbb{Z}_{p}$
81
$\mathbb{Q}_{p}$ ECDLP filtration :
$\mathcal{E}(p\mathbb{Z}_{p})\supset \mathcal{E}(p^{2}\mathbb{Z}_{p})\supset \mathcal{E}(p^{3}\mathbb{Z}_{p})\supset\cdots$
filtration









Require: $S\in E(\mathbb{Q}_{p}),$ $T\in\langle S\rangle.$
Ensure: $T=dS$ $d.$
1: $Narrow\# E(\mathbb{F}_{p})$ .
2: $NS=(x, y)$ $a=- \frac{x}{py}mod p$ ( $a\not\equiv$ Omod $p$
)
3: $n=0,$ $\ell=1,$ $S’=S,$ $T’=T$
4: while $T’\neq 0$ do
5: $NT’=(x, y)$ $w=- \frac{x}{y}$
6: $b=_{\overline{p}^{7}}^{w}$
7: $d$ $=b\cdot a^{-1}mod p$ $0\leq d_{n}\leq p-1$ $d_{n}$
$s$ : $T’arrow T’-d_{n}S’,$ $S’arrow pS’.$




$p=547,\tilde{E}:y^{2}=x^{3}+3x,$ $S=(x_{S}, y_{S}),$ $T=(x_{T}, y_{T})$
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